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5_( , Abstract. We introduce the notion of a crystal base of a finite dimensional q- 

'~H' deformed Kac module over the quantum superalgebra I7g(gl(m|n)), and prove its 

'^N ' existence and uniqueness. In particular, we obtain the crystal base of a finite 

CO . dimensional irreducible f/q(0[(m,jn))-module with typical highest weight. We also 

^^ ' show that the crystal base of a g-deformed Kac module is compatible with that of 

I I' its irreducible quotient V[\) given by Benkart, Kang and Kashiwara when V'(A) 

•^r , is an irreducible polynomial representation. 

0\ 

^': 
-)— » ^ 

2 ■ 1. Introduction 

'""', 1.1. Background. Let Uq{Q) be the quantized enveloping algebra associated with 

CN ! a symnietrizable Kac-Moody algebra g. The Kashiwara 's crystal base theory |llj 

Q \ is a study of a certain nice basis of a C/g(0)-module M at g = 0, which still contains 

On \ important combinatorial information on M, and for the last couple of decades it has 

WO 

ly-v \ been one of the most important and successful tools in understanding the structures 

^ \ of modules over both g and Uq^Q). 

^^ ' Let g[(m|n) be a general linear Lie superalgebra over the complex numbers and 

,-H ' Uq{Q\{m\n)) its quantized enveloping algebra [19]. In [1], Benkart, Kang and Kashi- 

^ ■ wara developed the crystal base theory for a certain category of C/g(3[(r?T,|n))-modules 

k> ' called Oint, which includes the irreducible factors appearing in a tensor power of the 

H ■ natural representation, often referred to as irreducible polynomial representations. 

An irreducible f7g(0[(m I n))-module in Ojni can be viewed as a natural super-analogue 

of a finite dimensional irreducible C/g(0l(?TT, + n))-module since it is isomorphic to an 

irreducible polynomial representation tensored by a one dimensional representation. 

They proved that an irreducible module in Qint has a unique crystal base, and 

showed that its associated crystal can be realized in terms of (?Ti|n)-hook semistan- 

dard tableaux p] when it is polynomial. 

The crystal base of an irreducible module in Oint has several interesting features, 

which are not parallel to those over symmetrizable Kac-Moody (super) algebras 
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[71111]. For example, it is twisted compared to the usual crystal base over Uq{gl{m)(B 
g[(n)) in the sense that it is a lower crystal base as a C/g(g[(m,|0))-module but is a 
upper crystal base as a [/q(3[(0jn))-module. Its crystal also has fake highest weight 
elements so that it becomes quite non-trivial to prove that the crystal is connected. 
The existence of a crystal base of an arbitrary finite dimensional irreducible 
C/g(0[(7n|n))-module remains unknown unlike Uq{Ql{m + n))-modules, and one of 
the main obstacles in this problem is that a finite dimensional C/g(0[(?n,|n))-module 
is not necessarily semisimple. Indeed, the semisimplicity of a tensor power of the 
natural representation together with its polarizability is an essential ingredient in 
proving the existence of a crystal base of an irreducible polynomial representation. 



1.2. Main results. Let P be the integral weight lattice of Ql{m\n) and let P"*" be 
the set of integral weights dominant with respect to its even subalgebra Ql{m\n)o = 
g[(m|O)00l(O|n). The finite dimensional irreducible 0[(r?T,|n)-modules with weights in 
P are highest weight modules whose highest weights are parametrized by P"*" . There 
is another important class of finite dimensional 0[(r?T,|n)-modules called Kac modules, 
which are indecomposable highest weight modules parametrized by P^ [9\. As the 
generalized or parabolic Verma modules do for g[(7Ti+n)-modules in a parabolic BGG 
category, they play the same role in a Kazhdan-Lusztig type character formula for 
finite dimensional irreducible 0[(7Ti|n)-modules [3t Hj [TT]. 

The purpose of this paper is to develop the crystal base theory of a g-deformed Kac 
module K{X) over Uq{Ql{m\n)) for A € P~^. We introduce first the notion of a crystal 
base of K{X). Since K{X) does not necessarily belong to Omt, we define modified 
Kashiwara operators eg and /o on K{X) associated to the odd isotropic simple root 
oo, which are analogous to those on U~{q) for a symmetrizable Kac- Moody algebra 
|llj - Then we show that K{X) has a unique crystal base (Theorems 14.71 and 14. lOp . 
which is the main result in this paper. In particular, we obtain the crystal base of 
a finite dimensional irreducible Uq{Qi{m\n))-niodule with typical highest weight. 

The key idea of the proof is to realize K{X) as a g-deformation of the exterior 
algebra A((C'")* ^ C") [T^ tensored by an irreducible highest weight [7g(g[(7Ti|n)o)- 
module Vm,n{X) with highest weight A. Note that the g-deformation of the exterior 
algebra A((C™)*®C") has natural commuting actions of Uq{Ql{m\0)) and Uq{gl{0\n)) 
(or an action of Uq{Qi{m\n)Q)) and here we extend it to a f/g(g[(r?T,|n))-module by 
using a PBW type basis of Uq{Ql{in\n)) . The crystal of K{X) has a simple description. 
As an underlying set, it is given by 

(1.1) ^($r) X ■^m,n(A), 



where ^{^^) is the power set of the set of negative odd roots of g[(m|n) and ^m,ni^) 
is the crystal of Vm,nW- Also, the crystal structure on (ll.ip can be described easily 
(Section IS.ip . 

We next show that the crystal base of K(\) is compatible with that of its irre- 
ducible quotient V{X) when V{X) is an irreducible polynomial representation (The- 
orem HTTT]), that is, the canonical projection from K(\) to V{\) sends the crystal 
base of K{X) onto that of V{X). Hence we may regard the crystal of V{X) as a sub- 
graph of the crystal oi K{X). We give a combinatorial description of its embedding 
(Section I5.3p using the (?7z|n)-hook tableaux crystal model for V{X) and the skew 
dual RSK algorithm introduced by Sagan and Stanley [IB] . 

The paper is organized as follows. In Section [2l we give necessary background 
on the quantum superalgebra C/q(g[(?7i|n)). In Section [3l we review the crystal base 
theory developed in pT] . In Section HI we define the notion of a crystal base of a 
Kac module and state the main results, whose proofs are given in the following two 
sections. 
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2. Quantum superalgebra C/g(g[(m|n)) 

2.1. Lie superalgebra Qi{m\n). For non-negative integers m,n, let [m|n] be a Z2- 
graded set with [r?T-|n]o = { m, . . . , 1 }, [?TT,|n]i = { 1, . . . , n } and a linear ordering 
m<...<l<l<...<n. We denote by |o| the degree of a G [7n|n]. Let C'™"'"^ be 
the complex superspace with a basis {va\a € [m\n] }, where the parity of Va is \a\. 

Let gl{m\n) denote the Lie superalgebra of [m\n] x [m\n] complex matrices, which 
is spanned by Eat {a.,b G [m|n]) with 1 in the ath row and the 6th column, and 
elsewhere [8]. 

Let P^ = ®ae\m\n\ '^^aa be the dual weight lattice and [) = C ^z P^ the Cartan 
subalgebra of g[(m|n). Define ea € \]* by (£'fefe,ea) = 5ab for a,b £ [m\n], where 
(•,•) denotes the natural pairing on f) x fj*. Let P = ©aefmlnl ^^" ^^ *^^ weight 
lattice of g[(m|n). For A = X^aefmlnl '^a^a ^ P^ ^^^ parity of A is defined to be 
Ai -|- • • • -|- A„ mod 2 and denoted by |A|. Let ( • | • ) denote a symmetric bilinear 
form on f)* = C ^z P given by {ea \ e^) = (— l)'"'(5a6 for a, 6 S [m,|n]. 

Let / = /m|„ = { m — 1, . . . , 1, 0, 1 . . . , re — 1 }, where we assume that /„|o = 
{ rre — 1, . . . , 1 } and /o|„ = {l...,re — 1}. Then with respect to the Borel subalgebra 
spanned by Eat {a < 6), the set of simple roots of g[(m|n) is H = {a/j | /c G /„|„ }, 
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Ofe 



ej — ei, if A; = 0, 



Note that (afcla^) = 2 (resp. —2) for /c G /^iq (resp. /o|n); and (ao|cKo) = 0. Let 
Q = ^f^^jZak be the root lattice, and Q^ = ±^^gjZ>oafc. We have a partial 
ordering on P, where A > ^ if and only if A — /U € Q~^ for X, fj, £ P. 

The set of positive roots, even positive roots and odd positive roots are given by 

$+ = {ea-efe|a<6}, 

^0 = {^a- <^b\a <b, |a| = |6| } = { a € <!>+ I {a\a) = ±2 }, 

^i = {ea- eb\a <b, \a\ y^ \b\} = {a e ^^ \ {a\a) = }, 

respectively. 

The simple coroot h^ [k E /) corresponding to ct^ is the unique element in P^ 
satisfying lk{hk,X} = (afe|A) for all A G P, where Ik = I (resp. Ik = —1) for 
k G Im\o U {0} (resp. k G /o|„). 

Let 



P+={X= Yl ^-^- e p 

a£[m\n] 



Am" ^ • • • ^ A-, Ai > . . . > A^ 



which is the set of dominant integral weights for 0l(m|O) © g[(0|n) C Ql{m\n). For 
A G P+, let 






1=1 



Also, we let (5 = e^: + • • • + ex ~ ^1 ~ ' ' 
S- = -ei e„. 



e„, where we have 5+ = em + • • • + Cj and 



2.2. Quantum superalgebra Uq{Ql{m\n)). We assume that q is an indeterminate. 
The quanum superalgebra Uq{gl{m\n)) is the associative superalgebra (or Z2-graded 
algebra) over Q{q) generated hy Ck, fk ( A: G /) and q [h £ P^ ), which are subject 



to the following relations ^ ^^ : 

deg{q^) = 0, deg(efc) = deg(/fc) = \ak\, 

qO = 1, qf^+f^' = q^qh\ for /i, /i' e P^ ^ 

ekei - (-l)l"'=ll"'lezefc = fkfi - (-1)I"'=II"''/«A = 0, if {ak\ai) = 0, 
e\ei - {q + q~^)ekeiek + eie\ = 0, if A; / and {ak\ai) / 0, 

flfi -{q + q'^)fkfifk + hfl = 0, if A: / and {ak\ai) + 0, 

eoexeoei + CYCoeieo + eoeiCoeY + eieoeYCo - (g + g~^)eoeYeieo = 0, 
fofifofi + fifofifo + fofifof- + /i/o/t/o - (« + q'^)khfik = 0. 

Here, q^ = (7'* and t^ = g'fe'^fe. 

For simplicity, we will assume the following notations throughout the paper: 

■ U = C/g(0[(m|n)), 

• U^ : the subalgebras generated by e^ and fk {k £ I), respectively, 

• U^ : the subalgebra generated by q^ {h G P^), 

• Um,n '■ the subalgebra generated by q^, e^, fk {h G P^, k G I \ {0}), 

• r/^ — r/ n r/='= 

• Ufn\o '■ the subalgebra generated by q^^^, ek, fk {i = I, ■ ■ ■ ,m,k G /m|o)) 

• C/o|n : the subalgebra generated by q^^^ ,ek,fk {j = 1, ■ ■ ■ ,n,k G Io|„). 

There is a Hopf superalgebra structure on U, where the comultiplication A is 
given by 

A{q^) = q^ (^ q^, 

A(eA;) = efc (8) t;^^ + 1 Ck, 

A(/fc) = fk®l+tk(^fk, 

the antipode S is given by 

S{q'')=q'\ S{ek) = -ektk, S{fk) = -q^fk, 

and the couint e is given by e{q^) = 1, e(efc) = e{fk) = for /i € P^ and k £ I. 

A [/-module M is always understood to be a [/-supermodule, that is, M = 
Mq © Ml with UiMj C -/Vfj_|_j for i,j € Z2 (see [8j for basic notions related with 
superalgebras) . We also have a superalgebra structure onU ®U with the multipli- 
cation {ui ®U2){vi ®V2) = (— l)'"^"^^'(niwi) (X) {U2V2), where \u\ denotes the degree 



6 JAE-HOON KWON 

of a homogeneous element u (z U. Hence, we have a [/-module structure on M10M2 
via the comultiplication A for [/-modules Mi and M2. 

For fi £ P, M^ = {m\q^m = q\^^Mm {h € P^)} is called a weight space of 
M with weight /i. When M = ^ ^pM^, we say that M has a weight space 
decomposition. Throughout this paper, we assume that the Z2-grading on M is 
induced from the parity of its weights when M has a weight space decomposition. 

Note that Um,n — [/m|o ® ^o|n ^^ a Q((7)-algebra, and [/^lo (resp. [/o|n) is isomor- 
phic to the quantized enveloping algebra [/^(Blm) (resp. [/^-i(gl„)), whose s[2-copy 
is generated by e^, fk and t^ for A: S /m|o (resp. /c G -[o|n)- But, when we consider 
a [/o|n-rnodule in this paper, we understand [/o|n as [/t,(gl„), whose s[2-copy is gen- 
erated by Cfc = efc, ffc = fk and tfc = t'"" with t; = v^ = g~^ = gr for /c e /o|„. We 
denote by (• | •)' = —(• | • ) the symmetric bilinear form on the weight lattice of [/o|„ 
so that {ak\ak)' = 2 for /c € /o|n- 

For A E P~^ , let Kre,n(A) be an irreducible [/m,n-niodule with highest weight A, and 
let T/„|o(A+) (resp. yo|„(A_)) the irreducible highest weight module over U^\q (resp. 
[/o|„) with highest weight A+ (resp. A_). Note that Vm,n{^) — Kn|o('^+) ® ^o\n{^-) 
as a [/m,n-module. 



2.3. PBW type basis. We have U^ = 0„gQ± U^, where U^ = {u\q^uq- 



q{h,a)y^ (/i G P^) }. For X G [/^, y G Ut, we define the super (^-bracket by 



For Q € $^ with a = a^ + a^+i + . . . + ai {k < I), we define 



Here, we assume a linear ordering m — l<...<l<0<l<...<n — Ion/, and 
k + 1 denotes the adjacent element in /, which is larger than k £ I. 
We define a linear ordering on $"*" by 

a < j3 -^^ (a < c) or (a = c and b < d), 

for a,/9 G <!>+ with a = ea — e;, and /3 = ec — e^. For a,/3 G $+ with q < /3, it is 
straightforward to check the following commutation relations (cf.|19|): 



(2.1) [e„,e^], 



' (-l)l"ll^l (g("l7-") _ q-(»h-»))ese^, for a < c < 6 < d, 
e-y, for b = c, 

_ 0, otherwise, 



where we assume that a = €a — e^, f3 = €c — ed, j = ea — e^ and 5 = €c — £&. In 
particular, we have e^ = for a G <1>^. 



Proposition 2.1 (Proposition 10.4.1 in ^9j). Let 



B~^ = < 1 [ e^° 7TT.Q, G Z>o /or \a\ = and ttIq = 0, 1 for \a\ = 1 f , 



QG<J>^ 



where the product is taken in the order of < on <!>+. Then B^ is a 

U+. 



■basis of 



Let tj be the Q((7)-linear anti-involution on U given by e^ = fk, f\ = e^ and 
{q^f = q'' for kel and h G P^. Then B' = {B+)^ is a Q(g)-basis of U' , and 

(2.2) [/ ^ [/- C/° O t/+ 

as a Q(q')-vector space with a basis {u^q^u^ \u^ G i?''^, h G P^ } [191 Theorem 
10.5.1]. Since [/ is a Hopf superalgebra, we have a Q((/)-algebra homomorphism 

ad : U — > Endc(g) (U) given by 

ad{q''){u)=q''uq-'', 

ad(efc)(«) = (efcn-(-l)l"'^-""l^efc)tfc, 

ad(A)(tx) = /fctx - (-l)l"'=ll"ltfcnt^VA:, 



(2.3) 



for ft- G P^, k G I and a homogeneous element u. For a G <5^, we put /« = i 
Q = Qfc + Ofc+i + . . . + a/ {k < I), then we have 

/a = ad{fi) o • • • o ad(/fc+2) o ad(/fc+i)(/A;). 

By applying jj to (j2.ip . we have 

'(_l)l"l|5|(g{"|7-") _ q-{a\^-a)-^f^f^^ for o < c < 6 < d, 
/^, for 6 = c, 

0, otherwise. 



If 



(2.4) [fpjah={ 



(2.5) 



2.4. Parabolic decomposition and a g-deformed wedge space. For a G ^f 

with a = ej — ej , we put 

f„ = ad(/j_i) o • • • o ad(/i) o ad(/^ o • • • o ad(/Y)(/o) 
= ad(/^ o • • • o ad(/Y) o ad(/j_i) o • • • o ad(/i)(/o). 

Let K be the subalgebra of U~ generated by fa (a G ^f)- 
Let us define a linear ordering on ^f by 

a ~< f3 <;=^ (b < d) or {b = d and a > c) 

for a,/3 €^f with a = £„ - e^ and /? = Cc - e^. For S* C <1>| with 5 = { /3i -< • • • -< 
/3.r }, we put 



(2.6) 



15 = r/3i 



f«.. 
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Here we assume that f^ = 1 when S* = 0. It is straightforward to check that for 
a = ej — ej, (3 = e-j^ — ei ^ ^f with a ^ (3 





faf/3 


= -gfsfa 






for (i = 


= k,J< I) 


(2.7) 


faf/3 
faf/3 

'■a 


= -f/3fa + 

= 0, 


(<?- 


-g-')f7f5, 


for i > 
for i < 


k, j < I, 
k, j < I, 


where 


' 7 = q - 


- ei and 6 = 


= efc 


-ej- 






Lemma 2.2. 


SA' = {f5 


|5 


c $n ^s 


a Q{q) -basis 


of K, and 










C/--K^t/"„ 





as a Q{q)-vector space. 

Proof. Given u € U^ , we have u = uiU2 for some ui G K and U2 € C^mn by ()2.4p 
and (|2.5p . Hence -B = { ^1^2 I ^1 G -B^^, ^2 € B^ n C/~ „} spans U~ since -B/c spans 
ET by (j2.7p and i?^ n [/~ „ is a basis of C/~ ^ by Proposition 12.11 Considering the 
dimension of U^ for each a E Q", we see that B is hnearly independent, and hence 
a Q((7)-basis of U~ . In particular, i?i^ is a Q((7)-basis of -fC. D 

Let us define another hnear orderings on ^^ by 

Q ^' /3 <;=^ (a > c) or (a = c, b > d), 

a -<" f3 <^=^ (a > c) or (a = c, b < d), 

for a, /3 G <I>^ with a = ea — e^ and /3 = ec — e^. Then as in (|2.6p . we may define f^, 
i's {S C ^i) and i?^., B^ under ^', ^", respectively. Suppose that is S C/~ with 

m n 

(2.8) « = -^aiei+^&iei 

for some Oj and bj E Z>o- By the first two relations in (|2.7p . we have 

(2.9) fs = ±fs = ±i-q)^^ a.(a.-l)/2f^^ 

In particular, B'j^ and i?^ are Q(q')-bases of K. Note that 

(2.10) (a|a) = J]a2 - J] 6^ = J]a,(a, + 1) - J^ 6,(6,- + 1). 

i j i j 

Remark 2.3. Note that iC is a g-deformed exterior algebra generated by (Q(^)'")*® 
Q(g)". This can be explained as follows. For a = ej — ej S ^f, let k{a) = i + m{j — 
1) G N. We have a bijection from the set of non-empty S C ^^ to the set of non- 
empty subsets in { 1, ... , mn }, by sending S = { /3i, . . . , /3r } to { k{f3i), . . . , A;(/3r) }. 



Consider the g-deformed wedge space A = ©,,>! A'' in [18, Section 3.3] (here we 
replace n and / in ^8j by m and n, respectively). Define a map 

k:K — ^ A 

by K{is) = (-l)S^^(^^+i)/2ufe(^,) A • • • AtXfe(^^) for 5 = {/3i, . . . ,/3. } C $+ with hj as 
in ()2.8p . By comparing ()2.7p and [HI Proposition 3.16] (see also [TBI Remark 3.17 
(ii)]), we see that k is an injective Q((7)-algebra homomorphism. 

2.5. Kac modules. Let L be the subalgebra of U generated by Um,n and eo- For 
A € P"*", we extend Vm,n{^) to an L- module in an obvious way, and define 

K{\) = U®LVn.,n{>^)- 

to be the induced f/-module. Since L = f7~ „ (X) C/'' (8> L'"'^ as a Q(g)-vector space, 

(2.11) i^(A)^K®Kn,„(A), 

as a Q(g)-vector space by ()2.2p and Lemma 12.21 Note that i^(A) = 0„<;s^ ^Wfj. 
with dimif(A)A = 1, and K{X) = U'lx, where ir(A)A = Qiq)lx. Hence if(A) is 
a finite dimensional highest weight module with highest weight A. We call K{X) a 
(g-deformed) Kac module with highest weight A. We define V{X) to be the maximal 
irreducible quotient of K{X), and denote the image of 1a by v\. 

2.6. Classical limits and typicality of Kac modules. Let us consider classical 
limit of [/-modules. We leave the detailed verification to the reader since the argu- 
ment below are almost identical to the case of symmetrizable Kac-Moody algebras 
(see [SldS]). 

Let A = Q[q,q^^]. Let M be a highest weight [/-module generated by a highest 
weight vector u of weight X £ P. We define 

Ma= Y. A/,,.../i,n, M^,A= Y. Mh---firU. 

r>0,ii,...,ir&I r>0,ii,...,ir£l 

Then Ma = ©„-^^,A, and ranlcA-M^^A = dimQ(g\ M^ since A is a principal ideal 
domain and M^^a is a torsion free (hence free) A-module. It is easy to check that 
the A-module A/a is invariant under e^, fk, Q^ and "^ ~'^_i for k £ I and h € P^. 
Let C/9 : A — > C be a Q-algebra homomorphism given by (j){f{x)) = /(I). Set 

M = Ma®aC, M^ = M^,a®aC. 

Here C is understood to be an A-module via if. We have M = ^ M^ with 
dime Af^ = rankAAf^^A- Let e^, /^ and h be the C-linear endomorphisms on M 
induced from e^, fk and '^ J^'Li for A; G / and h G P"^ . Let Ujj be the subalgebra 
of Endc(Af) generated by e^, fk and /i for k £ I and /i G P^. Then there exists a 
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C-algebra homoniorphisni from U{Ql{m\n)) to Ujj sending Ej;, F^ and h to e^, /^ 
and /i, where C/(g[(ra|n)) is the enveloping algebra of Q[{m\n), and Ek, F^ denote 
the root vectors in g[(m|n) corresponding to a^-, — a^, respectively. Hence, M is a 
f^(gl(?TT,|n))-module. 

We see that K{\) is a Kac module over gl(m|n) when M = K{\) for A € P"*" by 
comparing the dimensions of weight spaces of K{\) and K{X). For A € P^, A is 
called typical if (a, A + p) 7^ for all a G <1>|^, where /9 is the Weyl vector of 0[(?Ti|n) 
given by p = I Z]og*+ "^ ~ ^ Z]/3g<j>+ Z^- ^^ is shown by Kac [9, Proposition 2.9] that 
K{X) is irreducible when A is typical. 

Proposition 2.4. For typical A € P"^, K{\) is irreducible. 

Proof. Suppose that i^(A) is not irreducible. Let M be a proper submodule of i^(A). 
We may assume that M is a highest weight module. From the above argument, it 
follows that M is a proper submodule of i^(A), which is a contradiction since A is 
typical. Hence K{X) is irreducible. D 

3. Review on crystal base theory 

3.1. Crystal bases for C/g(0[^)-modules. Let us briefly recall the notion of crystal 
bases for integrable C/g(0[^)-modules (we refer the reader to |11] for more details in 
a general setting). Here we assume that Uq{gl^) = C/m|o- 

Let M be an integrable C/q(g[^)-module with weight decomposition M = ^^eP ^>^ 
and diniMA < 00. For u G Mx and k G /mlO; ^^ have 

r>0-(/ifc,A> 

where eku^ = for all r > 0. Here, 

Then the Kashiwara operators are defined by 

(3.1) CfcU = ^ fj^'^'ur, fkU = ^ fj^'^^'Ur. 

r>l r>0 

Let A denote the subring of Q(g) consisting of all rational functions which are 
regular at g = 0. A pair (L, B) is called a lower crystal base of M if 

(1) L is an A-lattice of M, where L = ^^eP ^^ with L\ = Lf] M\, 

(2) CfcL C L and /^L C L for fc G Irn\o-> 

(3) P is a Q-basis of L/qL, where B = Ua^p ^a with Bx = Bn {L/qL)x, 

(4) CkBcBU {0}, fkB C P U {0} for k G Im\o, 

(5) for b,b' £ B and k G /mlO) /fc^ = ^' if ^iid only if 6 = e/c6'. 
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For b & B and k € /m|0) ^^ set 

(3.2) ek{b) = max{reZ>o\elb^O}, 99^(6) = max{r € Z>o j /[6 / 0}. 

Let k = Q{q2) and let ^pM '■ k <8iQ(g) M — > k <X'Q)(g) M be a Q(g)-linear isomorphism 
given by tpM{u) = q 2~u for u £ M\. For k G /m|0) '^^ define e^^, /^^ : M — > M 
by 

Note that e^^ and /^^ are well-defined Q((7)-linear operators on M even when (A|A) 
2Z for some weight A of M. Then a pair {L,B) is called a upper crystal base of M 
if it satisfies the above conditions (l)-(5) with respect to e^ and f^^ . 

Remark 3.1. If ipMiM) = M and {L,B) is a lower crystal base of M, then 
(V'm(-^), V'm(-B)) is a upper crystal base of M. Also, if M is an integrable high- 
est weight module with highest weight A with a lower crystal base {L,B), then 

(A|A) (A|A) (A|A) 

g 2 ?/;Af (M) = M and (g 2 il;]^f[L),q 2 ?/;A/(i?)) is a upper crystal base of M. 

Let Mj (i = 1, 2) be integrable f7g(g[^)-modules with lower crystal bases {Li, Bi). 
Then (Li (g) L25 -Bi (g) B2) is a lower crystal base of Mi ® M2. The operators e^, /^ 
act on Bi <Si B2] 



ek{bi (8)62 
(3.3) 

fkih ®b2 



ikbi (g) 62, if Vkih) > i^kih), 
h (8) 6^62, if fkih) < Skih), 



fkh (8) 62, if <fk{bi) > ek{b2), 
^ 61 <X) /fc62, if 95fc(fei) < ek{b2) 

On the other hand, let {L^^ , -B"^) be upper crystal bases of Mi {i = 1,2), respectively. 
Denote by Mi (8)_(_ M2 be a tensor product with a [/q(gl,„)-module structure induced 
from the comultiplication 

A+(g^) = q^®q^, 

(3.4) A+(efc) = efc® l + tfc(8)efc, 

A+(/fc) = /fc(g)t^^ + l0/fc, 

ml / tUP .r-, tV. 



for h e P"^ and k € /m|o- Then (L^^ (8 L^,B^^ (8 -Bg'') is a upper crystal base of 



Ml (8+ M2. The operators e^ , f^^ act on i?i (8 -B2 in the same way as in ()3.3p . 

3.2. Crystal bases of [/-modules in Oint- Let Omi be the category of [/-modules 
M satisfying the following conditions: 

(1) M = ®xeP ^A with dimMA < 00, 

(2) M is an integrable [/m,n-module, 

(3) if Ma/0, then (/io,A) > 0, 



12 JAE-HOON KWON 

(4) if {ho, A) = 0, then eoMx = foMx = 0. 

Let us review the notion of crystal bases for [/-modules in Oint [T]- Let M = 
©AeP ^'"^A £ Oint and let u £ M\ be given. For k € /m|0' ^^ define CfcU and f^u to 
be as in (|3.ip with u as an element of a C/„|o-module. For k G /o|„, we define e^u 
and /fcW to be e^^u and f^^u with u as an element of an [/o|„-module (see Section 
[3JD . For A; = 0, we define 



(3.5) eou = q ^tosou, and /q-u = Jqu. 



Then a pair (L, B) is called a crystal base of M if 

(1) L is an A-lattice of M, where L = ^xeP ^^ ^^^^ Lx = Ln Mx, 

(2) CfcL C L and /^L C L for k £ I, 

(3) i? is a pseudo-basis of L/qL (i.e. B = B*U {—B*) for a Q-basis i?* of L/qL), 

(4) 5 = Ua6P ^a with Bx = Bn {L/qL)x, 

(5) CkB CBU {0}, fkB CBU {0} for A; € /, 

(6) for b,b' e B and k e I, fkb = b' if and only if 6 = 6^6'. 

The set i?/{ibl} has an /-colored oriented graph structure, where 5 — > 6' if and only 
if f^b = b' ioikel and 6, b' £ B/{±1}. We call B/{±1} the crysta/ of M. 

For b £ B and k £ I, let £^(6) and (/3fc(6) be as in (13. 2p . Let us recall the 
tensor product rule for the crystal bases of [/-modules in Oj„j (see [H Proposition 
2.8]). Let Mi (i = 1,2) be a [/-module in Oj„i with a crystal base {Li,Bi). Then 
(Li (g) L2, -Bi f?) B2) is a crystal base of Mi (g) M2. For k G -[rn.|0; ^^fc and fk act on 
5i B2 as in ([331). Note that A(efc) = e^ O Ife + 1 O efc and A(ffc) = f^ o 1 + 1"! o f^ 
for fc G /q|„, and they coincide with A+(efc) and A_|_(ffc) (see (|3.4p ) if we exchange 
the order of the tensor product. Hence, for k G Io\m the formulas for e^ and /^ on 
i?i (8)i?2 are given by exchanging the positions of tensor factors in (13. 3p since (Lj, i?j) 
are upper crystal bases of Mj as [/o|n-modules, that is. 



ek{bi 
(3.6) 

fkih 



h 6^62, if Vkih) > ^kih), 

ekh (8) 62, if 95/0(^2) < £kih), 

h <^ fkh, if Vkih) > £kih), 

fkh (8) 62, if V5fc(fe2) < £k{bi)- 
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For k = 0, we have 

eo(6i 062) 
(3.7) 



eobi (8)62, if (/io,wt(6i)) > 0, 

±61 (g) 60^2, if (/io,wt(6i)) = 0, 

fobi^b2, if (/io,wt(6i)) >0, 

±610/062, if (/io,wt(6i)) = 0. 



Here, wt denotes the weight function and the it sign depends on the parity of 
wt(6i). 

3.3. Semistandard tableaux. Let us recall some basic background on tableaux 
(see [21 E]), which will be used in later sections. 

Let T be the set of partitions. A partition A = (Aj)i>i is identified with a Young 
diagram. We denote by A' = {\'j)i>i its conjugate. 

Let A be a linearly ordered set with a Z2-grading A = Aq U Ai. For a skew 
Young diagram X/fi, a tableau T obtained by filling X/fi with entries in A is called 
A-semistandard if (1) the entries in each row (resp. column) are weakly increasing 
from left to right (resp. from top to bottom), (2) the entries in Aq (resp. Ai) are 
strictly increasing in each column (resp. row). We say that X/fj, is the shape of T, 
and write sh(r) = A//i. We denote by SSTj^{X/fi) the set of all A-semistandard 
tableaux of shape X/fi. 

Let A G y be given. For T € S'5rA(A) and a E A, we denote by a — > T the tableau 
obtained from T by applying the usual Schensted column insertion (see [5] and [2] 
for its super analogue). We also need the following variation of the Schensted's 
column insertion. Let A'^ be the skew Young diagram obtained by 180°-rotation of 
A (sometimes called of anti-normal shape). For T S SSTj^{X'^) and a S A, we define 
T -^ a to be the tableau of an anti-normal shape obtained from T by applying the 
following procedure; 

(1) If \a\ = 0, then let a' be the largest entry in the right-most column which is 
smaller than or equal to a. If \a\ = 1, then let a' be the largest entry, which 
is smaller than a. 

(2) replace a' by a. If there is no such a' , put a at the top of the column and 
stop the procedure, 

(3) repeat (1) and (2) on the next column with a' . 

For a finite word w = wi . . .Wr with letters in A, we define {w ^>- T) = (wn -^ 
(• • • (wi ^ T))) and {T ^ w) = {■ ■ ■ ((T ^ Wr) ^ Wr-i )■■■) ^wi. 

3.4. Crystal bases of polynomial representations. Let us review the results 
on the crystal bases of irreducible polynomial representations of U [1]. Let V = 
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©feGfrnlnl Q(.Q)^b be the natural representation of U. Then V has a crystal base 
(^,^) where ^ = 0f,gr„|„i Aw;, and =^ = {±Vh\b S [?n,|n] }. For simplicity, we 
identify ^/{itl} with [m[n] as a set, and the crystal of V is given by 

n — 2 n — 1 



771 — > m — 1 — > • • • — 7- 1 — > 1 — > ■ ■ ■ — > n — 1 — 7- n. 

For r > 1, (^^^ ^^^) is a crystal base of V'^''. Let W be the set of all finite words 
with the letters in [m|n]. The empty word is denoted by 0. Then ^^ is a crystal of 
the tensor algebra since we may identify each non-empty word w = wi ■ ■ ■ Wr with 
wi ® ■ ■ ■ Wr € ■^'^''/{ibl}, where {0} forms a trivial crystal of weight 0. 

Let 

P+-- 



A= J^ Xaea^P 



Am > • • • > Aj > A'l > Aa > 

aG[m|n] 

For r > 1, V®''' is completely reducible and each irreducible [/-module in V^^, 
which we call an irreducible polynomial representation, is isomorphic to V{X) for 

some A G P+ with EaG[m|n] ^^ = r. 

Let "Pfnln = {^ = (^j)j>i ^ "^IfJ-m+i < n} which is called the set of (77T,|n)-hook 
partitions. Then the map sending /j, = {fj,i)i>i to Hiern + ■ ■ ■ + ^J'l^j + i^'i^i + • • • + '^n£n 
is a bijection from Train to P^, where u = {i'i)i>i is given by fj = ^m+i- 

Now, let A° be the Young diagram (or partition) corresponding to A S P^ . For 
T G SSTgg{\°), let T{i,j) denote the entry of T located in the i-th. row from the 
top and the j-th column from the left. Then we choose an embedding 

(3.8) V : SSTgg{X°) -^ W 

by reading the entries of T in SSTg§(X°) in such a way that T{i,j) should be read 
before T{i + l,j) and T{i,j — 1) for each i,j. The image of SSTgg{X°) under if) 
together with is stable under e-k, fk {k G /) and the induced /-colored oriented 
graph structure does not depend on the choice of V' [H Theorem 4.4]. Moreover, 
SST^{X°) is connected with a unique highest weight element pQ Theorem 4.8]. 

Theorem 3.2. {\^ Theorem 5.1]) For X G P^ , V{X) has a unique crystal base 
{^{X),SS{X)) such that ^{X)x = Avx, and ^(A)/{±1} ^ SST^{X°), that is, there 
is a weight preserving isomorphism of I -colored oriented graphs. 

4. Crystal bases of Kac modules 

4.1. Crystal base of K{X) as a C/m,n-module. Let us consider the Um,n-^ction 
on K{X) (A G P~^)- For simplicity, let us write u ■ v = a,d{u){v) for u,v G U (see 

dZSD). 
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Let A; G / \ {0} be given. By (12. Sp . we have for a G ^^ 

Here we assume that fa±aj. = when a±ak ^ ^i- For S' = {/3i^---^/3r}C ^^ 
and v € Kn,n(A), we have 

efc(fs (8) t') = (efefsi • • • f/3j <8)L ^ 

r 

i=l 

+ f/3i • • • f/3, (8)L efcV, 

(4.2) /fc(fs®^) = (/fcf/3i---f/3j®L^^ 



^(tfc • f/3j • • • (tfc • fft_i)(/fc • fft)fft+i ■ ■ ■ f/3r- "^^ ^0 



j=l 

+ (ifc -f/^J-'-l^fc -f/^J ^L fkV, 
tki^S ^v) = (tfcf/3i • • • f/jj <8l ^^ = (ife • f/3i) • • • (ifc • f/3j (X)L ifc^'- 

Proposition 4.1. For A € P^, we have as a Um,n-'n^odule 

K{\)^K{Q)®Vra,n{\)- 

Proof. By Lemma [2.21 { f^ (K> uq | fs G Bk } is a Q(g)-basis of K{{)), where uq is the 
highest weight vector in Vm,n{^)- Define a map (j) '■ K{X) — ;► K{ti) ®Q(q) K«,n(A) by 
^(fs ®L v) = (fs (8>L ^o) ®Q((?) ^ foi" fs ^ ^-ft" aiid V G 14n,n(A), which is a well defined 
Q(g)-linear isomorphism by (|2.1ip . Then is a [/m,,n-module homomorphism by 
(|4.2p . and hence an isomorphism. D 

Set 

if(K)= AfshcKiO), 

S§{K) = { fslo mod q^{K) | 5 C $^ } . 
Proposition 4.2. (Jf (i^),^(i^)) is a lower crystal base of K(0) as a Um\^Q-module. 
Proof. For j = 1, . . . , n, put 

^(o)b1= Q('z)f5io. 
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By (14. ip and (14. 2p . it is straightforward to check that as a C/m|o-module 

m 

Kmj] = y^|o(0) e K^|o(-eT ej). 

i=l 

Since f^ = ig^i^ ■ ■ ■ f5[„] with S[j] = 3(1 ^flj] for S C ^f, the map 

(4.3) 0^10 : K{0) -^ K{0) [1] ® • • • ^ K{0) [n] 

given by i;^„|o(fs'lo) = f5[i]lo "Xi • • • fs[n]lo is an isomorphism of f7m|0"™odules by 
(|4.2p . Therefore, (_Sf(i^),^(ii')) is a lower crystal base of K{0) as a [/m|o-mc)dule 
since {^{K)[j],^{K)[j]) is a lower crystal base of K{0)[j] and (?:)mio(if (i^)) = 
if(if)[l] • • ■®^{K)[n], where 

^(^)[j]= Af^lo, 

m{K)[j] = { fslo mod q^{K)[j] | 5 C <I>+[j] } . 

D 

Next, we set 

^(i^)' = I ^'^(^^f^lo mod q^iK)' S C^t} ■ 
where w(5) = J2'^^ai{ai-l)/2 ior S C $^ with^^^gs/? = -YliLiai(^i + Yl]=ibjej- 
Proposition 4.3. {^{K)' , ,'3S{K)') is a upper crystal base of K{0) as a UQ\n-module. 

Proof. For i = 1, . . . ,m, put 

^tm ={ej-ej\j = l,...,n}, 
K{0)[i\= Q{q)i'sloCK{0). 

By glD and (jM]), 

m 

K{0) [i] = yo|n(0) e ^oin(ei + • • • + ej), 

as a C/o|n"i^odule. Since K{0) [T| has a lower crystal base 

/ \ 

Af^lo, {f^lo|5c<I>+[i]} , 

\5c<I.+ p] / 
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it has a upper crystal base 



^(i^)'[i] = I g-^^^f^lo mod q^{K)'\i\ I 5 C <!>+ [i] } , 

where ps = T^pas ^- ^ote that for S C $^ [i] , we have -(/35|^s)72 = (;5s|/3s)/2 = 
aj(aj - l)/2, where Oj = (ejl/35). 
The map 

(4.4) </.o|„ : i^(0) -^ K{0) [T] ^ • • • K(0) [m] 

given by (pmloi^'s^o) = f^mlo <8) • • • <8i f5rmilo is an isomorphism of C/o|n-modules 
by (1121) and the fact that f _^ = f ' • • • f^^-j with S\i\ = S n <^t [■>] for 5 C $^ 
Moreover, we have (/>o|„(if (K)') = if(-ff)'[T] ®+ ■ ■ ■ (»+ ^(-fC)'[m] since a;(5) = 
w(5[T]) + • • ■ + uj{S[m]). Therefore, {^{K)', ^{K)') is a upper crystal base of K{0) 
(see (1.4.7) in pjj). Here we used (Xi+ to emphasize that the comultiplication is A_|_ 
(13. 4p with respect to tk, fk and ik [k G /o|n)) where the order of tensor factors are 
reversed. D 

Proposition 4.4. We have ^{K) = ^{K)' and ^{K)/{±1} = ^{Ky/{±1}. 

Proof. It follows directly from ()2.9p . D 

4.2. Crystal base of K[\). Let us define the notion of a crystal base of a Kac 
module K{X). The definition of a crystal base in [1] is not available for K{X) since it 
does not belong to Oint in general. So we give a different definition, which is based 
on [m Section 3]. 

Let Bq be a Q(g)-linear operator on U^ characterized by 

(1) eo(/fc) = 5ofc for fee/, 

(2) e'^iuv) = e'o(u)7; + (-l)l"lg("ol")ue^(t;) for n G [7-,^; G U' . 

It is straightforward to check that c'q is well-defined on U^ . We have another 
linear operator on U~ given by 

(1) e'^Uk) = 6ok for kel, 

(2) e'^{uv) = e'^{u)v + (-l)l°lg-(°ol°)ue^'(i;) for ueU-,v e U' . 

These two operators satisfy the following 



q-' 



for PeU- (see [IH Section 3.3]). 
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Lemma 4.5. We have 

U^ = Kereoelm/o. 
Here we understand /o as a linear operator acting on U^ by the left multiplication. 

Proof. It is easy to see that eg (fa) = for a G $^. Suppose that a € ^f. If 
a = ao + ak, then f„ = ad(/fc)(/o) = A/o -?-("'= l"°)/o A and e^(f„) = g-("^l"o)/fc - 
^-iak\ao)f^ ^0. If a = /3 + Qfc for some /3 G $+ and A: / 0, then f„ = ad(/fc)(f/3) = 
/fcfg — q'^'^'^'^^'tisfk and we have eQ(fo) = by induction on the height of a. Hence, 
we have for a G <!>+ 



(4.5) e'o(f„) 



1, if a = ao, 
0, otherwise. 



Let Wi be the Q((jr)-span of Bi = {tsUo\S C ^^ {oq S), uq € Um,n} and 
let 1^2 be the Q(g)-span of B2 = { f^no | 5 C ^t (ao G S), uq G Um,n}- Then 
U- = Wie W2. Since VFi C Ker c'q, W2 C Im /o by g3]), and Ker c'q n Im /q = {0}, 
we have Wi = Kereg and W2 = Im/o- □ 

For A G P"^, we may identify K[X) with U^ /I\, where /^ is a left [/--ideal 
generated by /^ *" {k ^ I \ {0}). Since eo(/A) = 0, it induces a Q(g)-linear map 

on K{\), which we still denote by eg. For u G ^(A), we define 

(4.6) eou = eo(u), /qu = fou. 

Definition 4.6. For A G P^, a pair {L,B) is a crystal base of K{X) if 

(1) L is an A-lattice of M, where L = ©„gp i^ with L^ = Lf] K{X)^, 

(2) efcL C L and /^L C L for k ^ I, 

(3) i? is a pseudo-basis of LjqL^ where i? = UueP ^p- with B^ = B ^ {L/qL)^, 

(4) CkB CBU {0}, fkB CBU {0} for A: G /, 

(5) for any b,b' (^ B and /c G /, we have /^ft = 6' if and only if 6 = 6^6'. 
Let us call the /-colored oriented graph B/{±1} a crystal of K{X). 

4.3. Main results. Now, let us state our main results in this paper. Let A G P^ 
be given. Let {^^+,^^+) be a lower crystal base of y^|o(A+), and (.if^-,^^-) is 
a upper crystal base of yo|„(A_). Set 

if(i^(A))= Af5®if^+®if^- ci^(A), 

^(K(A)) = { ± f5 «) 6+ ® 6- I 5 c $^, 6± G =^^^ } C ^(K(A))/g^(i>f (A)), 
where we assume that 1a G ^(i^(A))A- 
Theorem 4.7 (Existence). {^{K{X)),,^{K{X))) is a crystal base of K{X). 
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Proof. By (li3D . we have for S C ^f 



(4.7) eo(f5) = { ms) 

0, II ao ^ o, 



0, if oo E 5'. 



This implies that ^{K{X)) and ,^(ir(A)) U {0} are invariant under cq and /o, and 
/o6 = h' if and only if 6 = eo6' for 6, 6' € SS{K{X)). The other conditions in Definition 
SSlfollow from Propositions |121I13] and [331 Hence {^ {K {X)) , ^ {K {X))) is a crystal 
baseof is:(A). D 

Moreover, we have the following results. 
Theorem 4.8 (Connectedness). The crystal SS{K{\))/{±1} is connected. 
Corollary 4.9. We have 

J^{K{X))= Yl Axk,---xk^x, 

r>0,fci,...,fcre/ 

^(K(A)) = {±Xk,--- Xk^lx mod q^{K{X)) \r >0,h, . . . ,kr e I}\ {0}, 
where x = e or f for each ki. 

Theorem 4.10 (Uniqueness). A crystal base of K(X) is unique up to a scalar 
multiplication. 

Theorem 4.11 (Compatibility). Let A G P+ be given. Let ttx ■ K{\) — > V{X) 
be the U-module homomorphism such that 'K\[1x) = vx. Then 

(1) vrA(^(i^(A)))=^(A), 

(2) Wxi^iK{X))) = =^(A)U{0}, whereWx : .^ (K (X)) / q^ {K (X)) -^ ^{X)/q^{X) 
is the induced Q-linear map, 

(3) Wx restricts to a weight preserving bisection 

TfA : {6 € m{K{X))\Tfx{h) / 0}/{±l} -^ ^(A)/{±1}, 

which commutes with e^ and ff^ for k £ L. 

The proof of Theorem 14.81 is given in Section 15.21 after a combinatorial description 
of ^{K(X))/{±1} in Section [5.11 As in the case of an irreducible polynomial rep- 
resentation, ^(K{X))/{zizl} may have a fake highest weight element, that is, there 
exists b such that wt(6) 7^ A but e^b = for all k £ I. Theorem 14.101 follows from 
Theorem 14.81 and [1, Lemma 2,7 (iii) and (iv)]. The proof of Theorem 14. Ill is given 
in Section [6| 
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5. Combinatorics of crystals of Kac modules 

5.1. Description of crystal operators on ^{K{X))/{±1}. Fix A G P^. The 

map sending (% (gib^ 6_) to (— -S, 6+, 6_) gives a bijection 



?(K(A))/{±1} -^ 3^{^^) X =^^+ 



A+ s^ ^52A- 



X 



as a set, where ^{^^ ) is the power set of $]^ = —^i, and —5 = {— /3 | /3 € S*} for 

Note that ^(<I>^) can be identified with ^(i^(0))/{±l} and its structure can be 
described as foUows. Let S € ^{^^) be given with S* = { ^i ^ . . . ^ /3r } = { /3[ ^' 
... ^' /3^ }. Here, we assume that for a, /3 £ ^^ , a < j3 (resp. a -<' j3) if and only if 
—a -< —f3 (resp. —a -<' — /3). For /c = 0, we have by ()4.7p 

~ /ox j'S'\{-ao}, if-ao€5', ~ jS'Ul-ao}, if -ao 5", 

Suppose that k ^ Q. By ()4.ip . we have for i = 1, . . . , r 

~ rn-^ Jft + a/c, if ft + Ofc G ^j^, ~^^^ \/3i-ak, ifft-afcG^f, 
efc(A) = < /fe(/3i) = < 

I 0, otherwise, I 0, otherwise. 

Then by (jOj) and (jO]) . we have 

. . , 7r }, if /c e /mlo and Xfc(/3i (g) • • • (g) /3r) = 7i "^ ' ' ' (^ 7r, 




7^}, if /c e/o|n andxfc(/3i®---®/3;) = 7i«'---®7r> 

(x = e, /) following (j3.3p and (|3.6p . Here we assume that XkS = if Xfc(/3i ® • • • ® 
f3r) = or Xki/3{ ® ■ ■ ■ (0 /3'^) = 0. 

By Theorem 14.71 we have the following. 

Proposition 5.1. For (S',6+,6_) G ^{K{X))/{±1} and kel, 

{S',b'^,b-), if k e Im\Q and Xk{S ^b+) = S' (S^b'_^,, 
Xfc(5,6+,6_) = J (5",6+,6'i), ^/A;G/o|„ and Xfc(5 (g) 6_) = S" ® ft'i, 
^(xoS',6+,6_), ifk = 0, 

where x = e, f , and Xk{S, b^,b^) =0 i/ any of its components is 0. 

Let =^+ = { m < ... < 1 } and =^_ = { 1 < . . . < n }, which are the subsets of 
even and odd elements in ,^, respectively. Suppose that A G P^ is given, where 
M = (Am, • • • , Aj) and u = (Ai, . . . , A„) are partitions. By Theorem 13.21 we may 
identify ^^+ with an /^|o-colored subgraph SSTaj^[^) of SST^{fi) and 3^'^^ with 
an /o|n-colored subgraph SSTf^_{v') of SSTaj[v'). 
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Example 5.2. Suppose that (m|n) = (3|3) and A = Ae-r^ + 3e2 + 26^ + 3ei + €2 £ 
P+. Then we may identify ^^+ with SST^g^ (4, 3, 2) and ^^- with 55r^_ (2, 1, 1). 
Consider the following triple {S,U,V) € ^(<l>j") x ^•^+ x c^-^-, where 



(5', U,V)=[{ -62 + ei, -63 + 62, -ej + es } , 2 2 1 
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It is clear that eo(5, U,V) = and /(5, C/, V) = {S U {-ao}, t/, F). 
Let us compute /fC*?, t/, F). Since S = {—€2 + ei ^ —£3 + £2 -< — ej + £3} and 
(^(5) = 2 > e2(f^) = 1, we have ^(S" [/) = ( ^5*) (g> U and hence 



/ll-S", C^, ^) = { -£3 + ^1' -^2 + ^2, -ej + £3 } , 
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Next, let us compute f2{S,U,V). In this case, S = {—ej + €3 -<' — e^ + ^2 ^' 
-£2 + 61} and (p2iV) = 1 > £2(5*) = 0, which implies that /2(5 (g) F) = 5 (g) (f2V 
(see (|3.6p ). Therefore, 



/2(5, U,V)=l{ -62 + ei, -62 + €2, -ex + 63 } , 2 2 1 
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Remark 5.3. One may identify ^{^^) with M = {A = {aij)i<i<m,i<j<n \aij = 
0, 1 }. The map sending 5 to ^ is a bijection from ^(^i) to M, where aij = 1 if 
and only ii —€j+ €j € S. 

5.2. Connectedness of ^{K{X))/{±1}. Let ^^ = {T^)--->"^^} be the crystal 
associated to the dual of the natural representation of U,^\q. We assume that ^^ 
has a linear ordering 1 < • • • < m^. For a skew Young diagram /i/i^, we may define 
Sfc and fk {k G Im\o) o^ SST^v {^/v) in the same way as in the case of SST^^ ifJ-/^) 
(cf.ll2j). 

Let A G P+ be given. We assume that Am < and A„ > 0, and put 

^i=ii + Xm,■■■,i + X-), z^ = (Ai, . . . , An)'. 

where ^ is a positive integer such that ^ + Aj > 0. We may identify =^'^+ with 
SST^v{{n)/l_i), and ^^- with S5r^,(zv) so that =^(i^(A))/{±l} can be identified 
with 



r) X SST^Min/f,) X SST^_{iy). 
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Suppose that S = {/3i ^ • • • ^ /3r' } G ^{^i) is given with /3k = —e-^ — h ej^. 
for 1 < k < r. Let w{S) = ii . . .ij. , which is a finite word with alphabets in 
^1- For U G 55r^v((^'")/^), we define P{U ^ S) = {U ^ w{S)). Suppose 
that shP(C/ ^ S) = {i"^)/rj for some i] C fx. For 1 < fc < r, let us fill a box 
in fi/r] with jjt if it is created when ik is inserted into {{S -^ i,. ) • • • ) '^ ^k+i ■ 
This defines the recording tableau Q{U ^— S). One can check that Q{U ^— S) S 
SST^^ {lJ,/r]) by modifying the proof of the dual RSK algorithm (cf . (SJ HB] ) , and that 
the correspondence from (5, U) to {P{U ■<— S), Q{U -^ S)) is reversible. Hence the 
map sending {S, U, V) to {P{U ^ S), Q{U ^ S),V) gives a bijection 



px : ^{KiX))/{±l} -^ Xx. 



where 



Let us define e^ and /^ on J^ for A; € /. The operators e^ and fk{k€l\ {0}) 
are clearly defined on J^x (for /c € /o|„ we use the tensor product rule (j3.6p on the 
second and third components). Let us define cq and /o on J^. Let (P, Q, V) G J^ 
be given. For k > 1, let a^ and bk be the top entries in the /cth columns of P and Q 
(enumerated from the right), and let 



o"fe 



+ if Ofc > 1 or the fcth column is empty, 
— if Cfc = 1 and bk = 1, 
if otherwise. 



Let kQ be the smallest such that akg 7^ ■ . If ak^ = +, then we define eo{P, Q,V) = 
and fo{P,Q,V) = {P' ,Q' ,V), where {P',Q') is the pair of tableaux obtained from 
(P, Q) by adding 1 and 1 on top of the k^th columns of P and Q, respectively. 
If o-fco = -, then we define fo{P,Q,V) = and eoiP,Q,V) = {P',Q',V), where 



{P',Q') is the pair of tableaux obtained from {P,Q) by removing 1 and |jj in 
the koth columns of P and Q, respectively. If 0"^ = • for all k, then we define 
eo{P,Q,V) = fo{P,Q,V) = 0. Note that fo(^,Q,^) G ^x if xo{P,Q,V) ^ 
{x = e,f). 

Lemma 5.4. px is a weight preserving bijection, which commutes with Ck and fk 
for k G I. 

Proof. By construction, px is a weight preserving bijection. So it remains to show 
that Px commutes with e^ and fk for k G I. 

Let {S,U,V) G ^{K{X))/{±1} be given with px{S,U,V) = {P,Q,V). 
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Suppose that fe / 0. Then we claim that 

(5.1) x,,---Xi^{S®U)^0 ^^ Xi,---Xi^P^O, 
for ii, . . . ,ir S Im\o (^ > 1)) and 

(5.2) Xji • • •Xj^S' / <;=^ Xi^---Xi^Q ^0, 

for ii, . . . ,ir G /oln ('' — l)i where x = e, f for each i^. We consider a binary matrix 
M = {niab) whose row indices are from SS'^ and column indices are from a linearly 
ordered set ^_ UC for some linearly ordered Z2-graded set C with |c| = 1 and k < c 
for all k € ^_ and c (z C. Let w{M) = {ii ,ji) . . . [ir ,jr) be a biword such that 

(1) v"^ e ^Y and ip G =^_ U C for p = 1, . . . , r, 

(2) jp < jp+i or {ip < ip+i and jp = jp+i) for p = 1, . . . , r - 1, 

(3) rriab = 1 if and only if (a, b) = {ip ,jp) for some p = 1, . . . , r. 

Let P = (((0 ^ v^) ^ z^ZT^) • • • ^ n^) and Q = (((0 ^ jV) ^ >-i) • • • ^ ji), 
where is the empty tableau. By the dual RSK correspondence, we have P S 
SSTagv{T'^) and Q € SST^_uc{t'^) for some r E J". Suppose that 

(1) niab = 1 if and only if — e^ + e?, G S* (see Remark l5.3p . 

(2) ((((0 -^ V ) •^ ir-i ) • • • ■^ is ) = U, where jp G C if and only if p = 
s,...,r. 

Then P = P and Q is obtained by ignoring the entries from C in the recording 
tableau Q. Since the (dual) RSK correspondence is an isomorphism of bicrystals 
[Tl] (see also Remark [5. 3 1 and (l3j). we have ()5.ip and ()5.2p . Therefore, px commutes 
with Ck and /^ for A: G / \ {0}. 

Suppose that k = 0. We assume that S' = {/3i^---^/3r}G 0^{<^~[) with 
/3fc = — e— + ejfe for 1 < A; < r, and hence w{S) = ii . . .ir ■ 

Suppose that eo{P,Q,V) = {P',Q',V) ^ 0. Let /cq be such that a^ = ■ for 



k < kf) and a^Q = —■ So we have 1 and |jj in the /coth columns of P and Q, 



respectively. Considering the bumping paths for each letter i^ in [/ -^ w{S), we 
see that — oq G S* (that is, /3i = — eY+ ei or ii = ji = 1), and the insertion of 1 



into (• • • {{U ^ ir ) -^r- ir-i )■■■■<— i2 ) creates the pairs J^ and |jj in the /coth 

columns. This implies that 

P{U ^ w{S \ {-ao})) = P', Q{U ^ w{S \ {-ao})) = Q' , 

and 

px{eo{S, U, V)) = px{S\ {-ao}, U, V) = (P', Q', V) = eo(P, Q, V). 

Similarly, we can check that px{fo{S, U, V)) = fo{P, Q, V) if 7o(P, Q, V) / 0. There- 
fore, Px commutes with cq and /q. D 
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Proof of Theorem 14.81 Let D{k) denote the one dimensional ^/-module with 
weight k6 for k e Z. Since K{X) (g) D{k) ^ K{X + k5) for A; G Z, K{\) (g D{k) has a 
crystal base, whose crystal can be identified with 



Recall that there exist bijections 

(5.3) a^ : ^^+ -^ m^+^^^+ , t^ : ^^- -^ ^^-+''^~ , 

which commute with e^ and /^ for k G /^iq and /o|„, respectively, with wt{a^ (b^)) = 
wt(6+) + k6+ and wt(r'=(6+)) = wt(6+) + k6^ for b± G ^^± (see fS] Section 5.3] 
for more details). This impies that there exists a bijection 

(5.4) c^^ : m{K{X))/{±l} — y ^($^) x ^^++'=^+ x ^^-+'=^-, 

which commutes with e^ and fk [k G /) and wt(<j'^(6)) = wt(6) + kS. 

Hence we may only consider the case when Am < and A„ > (by taking /c ^ 
in ([531)). By Lemma[531 we may identify ^(ii:(A))/{±l} with ^. 

Now, we can apply the same argument in [H Theorem 4.8] to prove that the crystal 
=^(if (A))/{±1} is connected (the only difference is that a subtableau obtained from 
the first m rows of T G =^(A)/{ibl} = SSTas{\°) in the proof of [U Theorem 4.8] is 
replaced with a pair of tableaux {P,Q) in the first two components of rJ^x). □ 

5.3. Embedding of ^(A)/{±1} into ^{K{X))/{±1}. Let A G P+ be given. By 
Theorem 14.111 there exists a unique injective map 

(5.5) ?A : =^(A)/{±1} -^ ^iKiX))/{±l} 

such that for b G =:^(A)/{±1} and A; G / 

(1) wt(eA(&))=wt(6), 

(2) Uxkb) = Xkixib) if xkb / (x = e, /). 

The purpose of this subsection is to give an explicit description of ^a- 

Let A° = (A°)j>i be the partition in IPmin corresponding to A. We may identify 
=^(A)/{±1} with SSTsg{X°) by Theorem [321 Let 



/^ — ('^l; • • • ' ^m)^ ^ — ('^m+l' ^m+2^ ■ ■ •)• 



For T G SSn;g{X°), let 



T 
-^ >m 



the subtableau of shape /i consisting of the first m rows in T, 
the subtableaux of T<m with entries in ^+, 
the subtableaux of T<m with entries in ^_, 
the complement of r<m in T. 
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Note that sh(r+ 



'<mi -" ^ a-'^d sh(r<^) = ///r/ for some r] = (??i, . . . ,7/^) G J', and 
T'>m £ SSTaj_ {v) can be regarded as an element in SS^- . 



Let i = X° = fii- Consider 

a-' : SST^^r^) -^ SST^^Hn/r]) 

which commutes with e;. and fk for k € /^iq (see (j5.3p ). Then the map sending T 
to (o-"^(7'<m),7'<m'^>m) gives an injective map 



(5.6) 



tx:^iX)/{±l}^jex-i6.. 



It is straightforward to check that (1) wt{ix{b)) = wt(6) —i5+, (2) ix{xkh) = Xkix{b) 
if Xfcft 7^ (x = e, /) for k & I. Since we have bijections 

(5.7) ^A-M+ "'""^ > ^{K{X - M+))/{±l} J£^^!^ ^{K{X))/{±1} , 

which commute with e^ and /^ for A; € /, by composing (|5.6p and (|5.7p we obtain a 
required map (|5.5p . 



Example 5.5. Suppose that {m\n) = (3|3). Let A = Ae^ + Seg + 26^ + 2ei. Then 
A° = (4,3,2,1,1) G ^313. Consider 
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G S5T<^(A°). 



Keeping the above notations, we have 
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Then 



a-^ ( T, 
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^>3 



and 2a(7') = («■'' (^<3) '^<3'^>3) G =^-45+- Applying p^\s+ *° ^'^i'^ *"P^6 (^ee 
the proof of Lemma [53D, we get {S, C/,T>3) G ^{K{X - 4(5+))/{±l}, where 



5 = {-e3 + ei,-e2 + e2,-eY + e3} , U 
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Applying o"^ to C/, we have 
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Cx{T)= {-£3 + 61,-62 + 62,-61 +63} , 
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which belongs to .^ {K {X)) / {±1} . 

6. Compatibility with crystals of polynomial representations 

In this section, we give a proof of Theorem 14.111 We fix A € P^ throughout this 
section. 

6.1. Since K{X) is completely reducible as a C/m,n-module, we have 

K{X)= ^K{X;ai), 

where Xx is an index set and K{X; ai) is an irreducible C/m,n-submodule with highest 
weight (Tj. Let X'^ C Xx be such that KervTA = ©jgx' ^i^'i'^i)^ ^^^ P^t Yx = 
Xx \ X'^ . We have as a C/m,n-module 

V{X) = ^V{X;a,), 

where ^(A; Ui) = Trx{K{X; cjj)) = K{X; ai) as a C/^.n-module for i e !>,• For i G Xa, 
put 

^(i^(A; a,)) = ^{K{X)) D K{X; ai), 

m{K{X- ai)) = mK{X)) n {^{K{X; a,)) / q^ {K {X; a,))) . 

By Propositions 1121 1131 and ia {^{KiX; ai)),^{K{X; ai))/{±l}) is a lower crystal 
base of K{X;ai) as a C/^|o-module and a upper crystal base as a C/o|„-module, and 

^(K(A))= 0if(ir(A;a,)), ^(i^(A)) = |J ^(i^(A;a,)), 

(see [m Lemma 2.6.3]). Let 

if (A)' = 7rA(Jf (i^(A))), ^(A)' = Wx{^{K{X))), 

where tTa : ^ {K (X)) / q^ {K (X)) -^ ^{X)' jq^iX)' is the induced Q-linear map. For 
i G Ia, put 

^(A; ai)' = ^A(^(i^(A; a.))), ^(A; a^)' = ^x{.^iK{X; a,))). 

Then (^(A; c7j)',=^(A;o"i)'/{±l}) is a s a lower crystal base of V(X\ai) as a C/m|0" 
module and a upper crystal base as a C/o|„-module, and 

(6.1) i^(A)' = if (A; ai)', ^(A)' = |J ^(A; a^)'. 
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6.2. For ^ G Z, let 

e^ : K{\) -^ K{\ + M+) 

be a [/"-linear map such that ^^(Ia) = ^\+e.s+- It is well-defined and indeed an 
isomorphism of [/"-modules. If we identify T^|o(A+ -|- £(5+) with T^|o(A+) ® D^, 
where D^ is the one dimensional [/^lo-module with highest weight vector V£s^ of 
weight 15+ , then we have 

9i{u (g) t;+ (g) V-) = u(S) (f+ (g) f£5_^) (g f_ 

for It € i<r, t;+ G V^|o(A+) and V- G Vo|„(A_). In particular, we have 6£{^{K{X))) = 
^{K{X + £6+)). Let 

S{XJ5+) : V{X) (g V{e5+) -^ V{X) 

be a [/"-linear map given by S{X,l5+){v (g wm+) = v and S{X,i5-\-){v (g w) = for 
V G V{X) and u- G V{£6+) \ Vii6+)es+. Let 

$(A, £5+) : V{X + £6+) — > V{X) V{£d+) 

be an injective [/-module homomorphism given by ^{X, £6+){vx+i5+) = vx^ v^s+- 
Since V{X) (g V{£6+) is completely reducible [U Theorem 2.12] and U{v\ (g f«_|_) = 
V{X + £5+), ^{X,£5+) is well-defined. We put 

T?_^ = 5(A, M+) o $(A, M+) : y(A + £6+) -^ y(A), 

which is [/"-linear. Now, we have the following commutative diagram 



K{X + £5^ 



-^ V{X + £5+) — ^ U V{X) (g V{£5^ 



K{X) 



T^X 



S{\/S+) 



V{X) 



where the vertical maps are [/^-linear and the horizontal ones are [/-linear. Note 
that if we take £ ^ such that the partition corresponding to A + £6j^ contains 
the rectangle (n™), then chiC(A + ^5+) = chy(A + £5+) [2^ Theorm 6.20] and hence 
K{X + M+) = V{X + £5j^) or 'n\+ts+ is an isomorphism. 



6.3. We will first prove Theorem |4TT] for X + £5+ G P+ with £ > 0. For 6 G 
=^(i^(A))/{ibl}, let u{b) G [/" be a homogeneous element such that u{h)\\ G 
^{K{X)) and u{b)lx = b mod q^{K{X)). By Nakayama's lemma, {u{b)lx\b G 
=:^(i^(A))/{±l} } is an A-basis of if (if (A)) (and hence a Q(g)-basis of K{X)). More- 
over, { 0f(n(6)lA) = u{b)lx+i5+ |& G =^(ii:(A))/{±l}} is an A-basis of i^(ir(A+£<5+)) 
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since Oi is a [/^-linear isomorphism with 9£{^{K{\))) = ^(K{X + M+)). So, we 
can take a set of homogeneous vectors 

such that {ui lx+es+, ■ ■ ■ ■,'^d 1a+£(5+ } is an A-basis of ^{K{\ + M+)) for £ € Z, 
where d = dimK(A). 

Now, we choose ^ ^ such that 

(1) V{\ + i5+) = K{\ + l5+), 

(2) q^Hle'^{u)lx G q^{K{\)) for ah u e ^(A). 

Since tlel{u)lx = g^<''»'^+"+"»>eo(n)lA with wt(n) = a, the condition (2) imphes 

(6.2) =9'<'^'""+"+"''>+''e'o'(n)l,+,,^ 

We claim that 

(6.3) efcJf(A + M+)'c^(A + £5+)', 7fc^(A + M+)'c^(A + M+)' 

for A; E /. By (1), we have if (A + M+)' = 7rA+M+(^(K(A + M+))) = i^(K(A + M+)), 
but to emphasize that the crystal operators in (I6.3P are those on the modules in Oint 
(that is, eo = g~^toeo in P-Sp ). we use the notation if (A + M+)'. 

It is clear that if (A + ^(5+)' is invariant under e^. and /^ for /c S / \ {0} since 
if (A + ^(5+)' is a lower crystal lattice as a C/m|o-module and a upper crystal lattice 
as a C/o|„-module (see dSU). Also we have 7oi^(A + 15+)' = /oif(A + i6+)' C 
if(A + M+)' since if(iC(A + £(5+)) is invariant under /o = /o- So it remains to show 
that if (A + £(5+)' is invariant under cq. Let u £ ^{X) be given with wt{u) = a. 
Then 

or 

1 — g^ 
which implies that 

(6.4) eo{ulx+e5+) = q^^toeoulx+e5+ = . _ 2 (eo('")lA+M+ - ioeo('")lA+M+) . 

Since 'u1a+m+ S if(i>s:(A + M+)), we have e'Q{u)lx+es+ S if (if (A + £6+)) by (lOD . 
By (16. 2|) . we have tQeQ(u)lA+M+ G gif (if (A + M+)). Therefore, g~^toeo'ulA+£5+ G 
if (if (A + £6+)). This proves that eoi^(A + £6+)' C i^(A + £6+)'. 
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By (I6.3p . ^(\ + M+)' is a crystal lattice of V(\ + M+), and by the uniqueness of 
a crystal lattice [H Lemma 2.7 (iii)], we have 

(6.5) ^(A + M+)' = ^(A + M+). 

It is clear that the induced map 7fA+M_,_ : ^(K{\ + ^5+))/g^(K(A + M+)) -> 
^(A + M+)/g^(A + M+) commutes with e^, /fc and fo ik£l\ {0}). Also by (fH^ . 
we have eo(nlA+M+) = eo(w)lA+M+ mod g^(A + M+) and hence W\+e5+ commutes 
with eo. Therefore, Wx+e5+i^{K{X + M+))) = ^{X + M+) by TheoremS^l and we 
have a weight preserving bijection 

(6.6) 7fA+M+ : mKiX + iS+))/{±l} -^ m{X + M+)/{±l}, 

which commutes with e^ and fk for k ^ I. By (16. 5p and (16. 6p . Theorem 14. 1 1 1 holds 
for A + £6+ for £ » 0. 

6.4. Let £ be as in SectionEHl Since ^{X,£6+){^{X + £5+)) C if (A) (8)if (M+) and 
S{X,£5-^-){^{X) (8'^(M+)) = ^(A), we have the following commutative diagram 



^{X + £b^)lq^{X + M+) — ^ ^ ^(A) ^(M+)/g^(A) (» ^(M+) 



5(A/5+) 



if(A)/<zif(A) 



Since 



$(A,M+)(^(A + M+)/{±l}) c^(A)®=^(M+)/{±l}, 



5(A, ^,5+)(=^(A) ^(M+)/{±l}) c ^(A)/{±1} U {0}, 
T?_^ induces a map 

^ : m{X + £5+)/{±l} ^ ^(A)/{±1} U {0}. 



Note that $(A,M+) is an injecttive map which commutes with e^ and /^ for /c G / 
up to a multiplication by ±1. 

Let us describe ■(?_£ more explicitly. Let A° and (A + £(5+)° be the partitions in 
CP^In corresponding to A and A + M+, respectively. Let us identify =^(A)/{±1} and 
=^(A+M+)/{±l} with SST0s(X°) and S5T<^((A+M+)°), respectively. Also, we may 
identify ^(M+)/{±l} with SST^{£"'). 

Suppose that T € SST^{{X + ^5+)°) is given. By [lOl Theorem 4.18], the multi- 
plicity of V{X + £5+) in y(A) y(£<5+) is 1, and there exist unique Ti G SST^{X°) 
and T2 S SST^{£"^) such that Ti (g) T2 generates the same /-colored oriented graph 
as that of T (called crystal equivalent in [1]). Lideed, we have T = (T2 -^ Ti) := 
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(V'lTz) -^ Ti), where ip is as in dSD- This impHes that <^{X,16+){T) = Ti OTa. By 
definition of S{X,i6^), we have 



Ti , if T2 — His_^_ , 
0, otherwise, 



5(A,M+)(ri®T2): 

where H^s^ S SST^{£"^) is the highest weight element with weight £5^ with His^ ihj) 
m — i + 1 for 1 < i < 771 and 1 < j < i- Hence, we have 



^-eiT) 



Ti , if T2 = H(,s^ , 
0, otherwise. 



In particular, ??_£ is surjective. By Nakayama's lemma, t?_^(.if(A + M+)) = -Sf(A), 
and 

7rA(=Sf (K(A))) = ^„, o 7rA+M+ o 0^(if (i^(A))) 

= ^-^o7rA+,5+mi^(A + M+))) 

= ^_,(if(A + £5+))=if(A). 



This proves Theorem 14.111 (1) and (2). 

Another way to describe 'd-i{T) is as follows; for T £ SST^{{X + £6^)°), let Ti € 
SSTgg{X°) and T2 G SST^{£"') be the unique tableaux such that {T2 -^ Ti) = T. 
Let T' be the sub tableau in SST^il"') with T'{i,j) = T{i,j) for 1 < i < m and 
1 < J ^ ^- By considering the recording tableau of (T2 — > Ti), we see that T' = H^s^ 
if and only if T2 = ^^5,^, and in this case Ti is given by Ti{i,j) = T{i,j + £) for 
1 < i < 771 and 1 < j < A°, and Ti{i,j) = T{i,j) for i>m and 1 < J < A°. 

Let T G 55'r«((A + £5+)°) be given such that JZ^iT) 7^ and JZ^ixtT) ^ 
for some k G I {x = e,f). Suppose that ^{X,£S+)(T) = Ti (g) His^ for some Ti. 
Since ^(T) / 0, J7i{xkT) + and $(A,£<5+)(xfcT) = Xk^{X,£b^)(T), we have 
Xfc(Ti (g) i?«_^) = (xfcTi) (g) i7£5_^, and hence 



(6.7) 



d_t{xkT) = Xk^^iiT). 



Finally, we have a commutative diagram 



KKiX + £5+))/{±l} 



'^\+e5_^. 



?(A + M+)/{±l} 



KKiX))/{±l} 



■^x 



-^^(A)/{±1} 
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Here 9^£ and vrA+M+ are bijections commuting with e^ and fk for k ^ I. By ([67 
we conclude that Theorem 14.111 (3) holds. This completes the proof of Theorem 
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